
Journal of Applied Mechanics and Technical Physics, Vol. 47, No. 6, pp. 790–799, 2006

REGULAR, PARTIALLY INVARIANT SOLUTIONS OF RANK 1

AND DEFECT 1 OF EQUATIONS OF PLANE MOTION

OF A VISCOUS HEAT-CONDUCTING GAS

UDC 517.957:[532.516.5+536.23]V. V. Bublik

A system of the Navier–Stokes equations of two-dimensional motion of a viscous heat-conducting
perfect gas with a polytropic equation of state is considered. Regular, partially invariant solutions of
rank 1 and defect 1 are studied. A sufficient condition of their reducibility to invariant solutions of
rank 1 is proved. All solutions of this class with a linear dependence of the velocity-vector components
on spatial coordinates are examined. New examples of solutions that are not reducible to invariant
solutions are obtained.
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1. Descriptions of the Model. We consider a system of equations that describe plane motion of a viscous
heat-conducting perfect gas with a polytropic equation of state:

ρ(ut + uux + vuy) = −px + (λ(ux + vy))x + (2µux)x + (µ(uy + vx))y; (1.1)

ρ(vt + uvx + vvy) = −py + (λ(ux + vy))y + (µ(uy + vx))x + (2µvy)y; (1.2)

ρt + (uρ)x + (vρ)y = 0; (1.3)

cV ρ(Tt + uTx + vTy) + p(ux + vy) = (κTx)x + (κTy)y

+ λ(ux + vy)2 + µ(2u2
x + 2v2

y + (uy + vx)2). (1.4)

Here u and v are the components of the velocity vector, ρ is the density, T is the temperature, p = RρT is the
pressure, R is the gas constant, cV is the specific heat at constant volume, µ = m0T

ω and λ = l0T
ω are the first

and second viscosities, and κ = k0T
ω is the thermal conductivity. In our study, we take into account the following

physically meaningful conditions:

ρ > 0, T > 0, 3λ+ 2µ ≥ 0, µ > 0, κ ≥ 0, R > 0, cV > 0. (1.5)

A group classification of system (1.1)–(1.4) given in [1] for the case λ = −(2/3)µ is also valid if there is
no such a dependence between the first and second viscosities. The group admitted by system (1.1)–(1.4) is an
eight-parameter group. This group corresponds to the Lie algebra L8 with the basis

X1 = ∂x, X2 = ∂y, X3 = t∂x + ∂u, X4 = t∂y + ∂v,

X5 = y∂x − x∂y + v∂u − u∂v, X6 = ∂t, X7 = t∂t + x∂x + y∂y − ρ∂ρ,

X8 = x∂x + y∂y + u∂u + v∂v + 2(ω − 1)ρ∂ρ + 2T∂T .
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TABLE 1

Subgroup

number
H J

1 1, 3, 7 + α8 yt−α−1, vt−α, ρt1−2α(ω−1), T t−2α

2 1, 3, 2 + 7 − 8 y − ln t, vt, ρt2ω−1, T t2

3 1, 3, 4 + 7 y/t − ln t, v − ln t, ρt, T

4 1, 3, 4 + 6 t2 − 2y, v − t, ρ, T

5 1, 3, 6 + 8 y e−t, v e−t, ρe2(1−ω)t, T e−2t

6 1, 3, 6 − 8 yet, vet, ρe2(ω−1)t, T e2t

7 1, 3, 6 y, v, ρ, T

8 1, 3, 8 t, v/y, ρy2(1−ω), Ty−2

9 1, 3, 4 t, tv − y, ρ, T

10 1, 2, 3 t, v, ρ, T

The optimal system of subalgebras of the Lie algebra L8 was constructed in [2]. We consider solutions
that can be constructed on the basis of three-dimensional subalgebras. In this case, the simplest class of solutions
consists of invariant solutions of rank 0. All solutions of this kind for system (1.1)–(1.4) are described in [3]. A class
of solutions whose description involves more difficulties is the class of partially invariant solutions. The notion
of a regular, partially invariant solution was introduced in [4]. The goal of the present work is to study regular,
partially invariant solutions of rank 1 and defect 1 of system (1.1)–(1.4), which can be constructed on the basis of
three-dimensional subalgebras. In particular, a sufficient condition of their reducibility to invariant solutions of rank
1 described in [2] is proved. All solutions of this class with a linear dependence of the velocity-vector components
on spatial coordinates are also considered.

2. Partially Invariant Solutions Reducible to Invariant Solutions. Invariant solutions are much
more readily constructed than partially invariant solutions. Using criteria that allow one to eliminate invariant
solutions reducible to partially invariant solutions beforehand, one can construct nonreducible solutions directly.
A criterion of reduction of an arbitrary partially invariant manifold to an invariant manifold was proved in [5]. It
is not always convenient, however, to apply this criterion in practice. Therefore, it is important to prove particular
theorems formulating sufficient conditions. The known Ovsyannikov’s theorem [6, Theorem 22.7] is inapplicable in
most cases to systems of differential equations of the second order. In the present work, we consider the issue of
reducibility of regular, partially invariant solutions of rank 1 and defect 1 of equations of plane motion of a viscous
heat-conducting perfect gas. A similar problem for axisymmetric motion of the gas was considered in [7].

As there is a correspondence between the Lie algebras and the Lie groups of transformations, we further use
both notions without specific comments on the area of applicability of each notion. The group of transformations
corresponding to the Lie algebra L8 is denoted by G8.

Theorem 1. If the universal invariant of the subgroup H ⊂ G8 can be chosen in the form

J = (ξ(t, x, y), A(t, x, y)u +B(t, x, y)v + C(t, x, y), D(t, x, y)ρ,E(t, x, y)T ), (2.1)

where ξ, A, B, C, D, and E are some functions, the corresponding regular, partially invariant H-solution of rank
1 and defect 1 of system (1.1)–(1.4) is reducible to an invariant solution.

Proof. It is known that the rank and defect of a partially invariant solution are invariant with respect to a
similarity transformation of subgroups. An analysis of invariants of all subgroups shows that satisfaction of condition
(2.1) for each subgroup is also invariant with respect to a similarity transformation of subgroups. Therefore, it is
sufficient to prove the theorem only for subgroups from the optimal system of subgroups. Table 1 contains all
subgroups that satisfy condition (2.1). For convenience, subgroup H is identified by the basis of the corresponding
Lie algebra (only the operator number is indicated instead of the operator itself; for instance, 7 + α8 indicates the
operator X7 + αX8). Subgroup invariants are listed in column J .
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TABLE 2

Subgroup

number
H ju

1, −αβ3 + 7 + α8 (α �= 0) (u − β)t−α

1
1, α3 + 7 u − α ln t

3, (α + 1)β1 + 7 + α8 (α �= −1) (ut − x − β)t−α−1

3, −α1 + 7 − 8 ut − x − α ln t

2
1, α3 + 2 + 7 − 8 (u − α)t

3, −α1 + 2 + 7 − 8 ut − x − α ln t

3
1, α3 + 4 + 7 u − α ln t

3, α1 + 4 + 7 (tu − x − α)/t

4 1, α3 + 4 + 6 u − αt

5 1, −α3 + 6 + 8 (u − α) e−t

6 1, −α3 + 6 − 8 (u − α) et

7 1, α3 + 6 u − αt

8 α1 + 3, β3 + 8 ((t + α)u − x − β)/y

9 α1 + 3, −β1 + 4 t(t + α)u − tx − βy

10 β1 − 2, α1 + 3 (t + α)u − x − βy

We present the general scheme of the theorem proof. For each subgroup in Table 1, the invariants define the
form of solution presentation. For ∂ξ/∂y �= 0, Eq. (1.3) yields the expression

u(t, x, y) = ϕ(ξ)x/t+ w(t, ξ) (2.2)

or

u(t, x, y) = ϕ(ξ)x + w(t, ξ). (2.3)

Then, Eq. (1.4) takes the form

F (ξ) +
(
f1(t)ϕ′x+ f2(t)

∂w

∂ξ

)2

= 0, (2.4)

where F , f1, and f2 are known (specific for each subgroup) functions of the indicated arguments. It follows from
Eq. (2.4) that

ϕ′ = 0, 2f2
∂w

∂ξ

(
f ′
2

∂w

∂ξ
+ f2

∂2w

∂t ∂ξ

)
= 0. (2.5)

For ξ = t, we obtain u(t, x, y) = ϕ(t)x + w(t, y) instead of (2.2) or (2.3) and F (t) + (∂w/∂y)2 = 0 instead of (2.4),
which yields

2
∂w

∂y

∂2w

∂y2
= 0. (2.6)

The integrals of Eqs. (2.5) or (2.6) are used to analyze Eq. (1.1). As a result, we obtain a presentation for u,
which allows us to find a two-dimensional subgroup with respect to which the solution constructed is invariant. All
such subgroups are listed in Table 2. The first column indicates the subgroup number from Table 1, and the second
column contains the bases of the corresponding two-dimensional subgroups. The constants can take all real values,
except for specially indicated cases. The third column shows an additional invariant of subgroup H , which is absent
for the corresponding three-dimensional subgroup (all other invariants coincide). The proof for each subgroup is
not given here.

3. Solutions with a Linear Velocity Field. There are eight series of three-dimensional subgroups
that do not satisfy the necessary condition of existence of the invariant solution or the condition of the above-
described theorem. All of them are listed in Table 3. If regular, partially invariant solutions of rank 1 and defect 1
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TABLE 3

Subgroup

number
H J

1 1, 2, 8 t, v/u, ρu2(1−ω), Tu−2

2 α1 + 2, 3, 8 t, (tu − x + αy)/v, ρv2(1−ω), Tv−2

3 1, 2, 5 t, u2 + v2, ρ, T

4 3, 4, 5 t, (ut − x)2 + (vt − y)2, ρ, T

5 1, 2, 5 + α8

(α �= 0)

ω �= 1:

t,

(
u sin

ln ρ

2α(ω − 1)
+ v cos

ln ρ

2α(ω − 1)

)
ρ1/(2−2ω),

(
u cos

ln ρ

2α(ω − 1)
− v sin

ln ρ

2α(ω − 1)

)
ρ1/(2−2ω), Tρ1/(1−ω)

ω = 1:

t,

(
u sin

ln T

2α
+ v cos

lnT

2α

)
T−1/2,

(
u cos

ln T

2α
− v sin

lnT

2α

)
T−1/2, ρ

6 3, 4, 5 + α8

(α �= 0)

ω �= 1:(
(ut − x) sin

ln ρ

2α(ω − 1)
+ (vt − y) cos

ln ρ

2α(ω − 1)

)
ρ1/(2−2ω),

(
(ut − x) cos

ln ρ

2α(ω − 1)
− (vt − y) sin

ln ρ

2α(ω − 1)

)
ρ1/(2−2ω),

t, Tρ1/(1−ω)

ω = 1:

t,

(
(ut − x) sin

lnT

2α
+ (vt − y) cos

ln T

2α

)
T−1/2,

(
(ut − x) cos

ln T

2α
− (vt − y) sin

ln T

2α

)
T−1/2, ρ

7 1, 6, 7 − 8 y, v/u, ρu1−2ω, Tu−2

8 5 + α8, 6, 7 − 8

√
x2 + y2 exp (α arctan (y/x)), (ux + vy)/(vx − uy),√
x2 + y2 (u2 + v2)1/2−ωρ, T (x2 + y2)/(ux + vy)2

reducible to invariant solutions do exist, they can be constructed only on the basis of subgroups listed in Table 3.
A comprehensive study of such solutions requires the use of the theories of compatibility analysis of systems of
partial derivatives [8, 9]. Such an analysis has not been performed for the above-mentioned eight subgroups, and we
confine ourselves to a particular case, namely, to solutions with a linear dependence of the velocity field on spatial
coordinates (we will use the term “linear” for such a velocity field for brevity). This kind of motion of continuous
media has been considered in numerous papers (see, e.g., a brief review in [10]). Moreover, a more general class of
solutions has been studied, namely, solutions with a linear dependence of the velocity field on some of the spatial
coordinates (see [11] and the references therein).

Subgroup 1. The solution is presented as

u = u(t, x, y), v = v1(t)u, ρ = ρ1(t)u2(ω−1), T = T1(t)u2. (3.1)

The condition of velocity-field linearity is

u = u1(t)x+ u2(t)y + u3(t). (3.2)
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Substituting Eqs. (3.1) and (3.2) into system (1.1)–(1.4) and splitting the latter with respect to the variables x
and y, we obtain a system of the form

du1

u1
=
du2

u2
=
du3

u3
= U dt,

dv1
dt

= V,
dρ1

dt
= �,

dT1

dt
= Θ, (3.3)

where U , V , �, and Θ are known functions of u1, u2, u3, v1, ρ1, and T1. Ovsyannikov’s theorem predicts that the
solution of system (3.3) is reducible to an invariant solution. A particular form of the subgroup with respect to
which the solution is invariant is determined after the constants of integration of system (3.3) are prescribed.

Subgroup 2. The solution is presented as

u = (vu1(t) + x− αy)/t, v = v(t, x, y), ρ = ρ1(t)v2(ω−1), T = T1(t)v2. (3.4)

The condition of velocity-field linearity is

v = v1(t)x+ v2(t)y + v3(t). (3.5)

Substituting Eqs. (3.4) and (3.5) into system (1.1)–(1.4) and splitting the latter with respect to the variables x
and y, we obtain a system of the form

du1

dt
= U,

dv1
dt

+
u1v1 + 1

t
v1 = v1V,

dv2
dt

+
u1v2 − α

t
v1 = v2V,

dv3
dt

+
u1v3
t

v1 = v3V,
dρ1

dt
= �,

dT1

dt
= Θ,

where U , V , �, and Θ are known functions of u1, v1, v2, v3, ρ1, and T1. Ovsyannikov’s theorem predicts that the
solution is reducible to an invariant solution.

Subgroup 3. The solution is presented as

u2 + v2 = q2(t), ρ = ρ(t), T = T (t).

The linear velocity field is described as

u = u1(t)x+ u2(t)y + u3(t), v = v1(t)x+ v2(t)y + v3(t).

We have

(u1x+ u2y + u3)2 + (v1x+ v2y + v3)2 = q2,

which yields, after splitting with respect to x and y,

u1 ≡ 0, v1 ≡ 0, u2 ≡ 0, v2 ≡ 0, u2
3 + v2

3 = q2.

The solution obtained is invariant with respect to the subgroup {X1, X2}. Reducibility is proved.
Subgroup 4. The solution is presented as

(ut− x)2 + (vt− y)2 = q2(t), ρ = ρ(t), T = T (t). (3.6)

The linear velocity field is described as

u = u1(t)x+ u2(t)y + u3(t), v = v1(t)x+ v2(t)y + v3(t). (3.7)

Substituting Eq. (3.7) into the first equation in (3.6) and splitting it with respect to x and y, we obtain

u1t− 1 = 0, v2t− 1 = 0, u2 ≡ 0, v1 ≡ 0, (u2
3 + v2

3)t2 = q2.

The solution obtained is invariant with respect to the subgroup {X3, X4}. Reducibility is proved.
Subgroup 5 (ω �= 1). The solution is presented as

u = ρ1/(2ω−2)
(
ϕ(t) sin

ln ρ
2α(ω − 1)

+ ψ(t) cos
ln ρ

2α(ω − 1)

)
≡ U(t, ρ),

v = ρ1/(2ω−2)
(
ϕ(t) cos

ln ρ
2α(ω − 1)

− ψ(t) sin
ln ρ

2α(ω − 1)

)
≡ V (t, ρ),

T = T1(t)ρ1/(ω−1), ρ = ρ(t, x, y).
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The linear velocity field is described as

uxx = uxy = uyy = vxx = vxy = vyy = 0. (3.8)

As we have
∂U

∂ρ
=

αU + V

2α(ω − 1)ρ
,

∂V

∂ρ
=

αV − U

2α(ω − 1)ρ
,

system (3.8) acquires the form

Aρρxx +Bρ2
x = 0, Aρρxy +Bρxρy = 0, Aρρyy +Bρ2

y = 0,

Cρρxx +Dρ2
x = 0, Cρρxy +Dρxρy = 0, Cρρyy +Dρ2

y = 0,

A = 2(ω − 1)(αU + V ), B = ((3 − 2ω)α− 1/α)U + 2(2 − ω)V,
(3.9)

C = 2(ω − 1)(αV − U), D = 2(ω − 2)U + ((3 − 2ω)α− 1/α)V.

The compatibility conditions of system (3.9) are

(U2 + V 2)ρx = 0, (U2 + V 2)ρy = 0.

For ρx = ρy = 0, we have u = u(t), v = v(t), ρ = ρ(t), and T = T (t), i.e., the solution is invariant with respect to
the subgroup {X1, X2}. For U2 + V 2 = 0, we obtain a quiescent state: u = v = 0. If ω �= 0, system (1.1)–(1.4)
yields ρ ≡ const and T ≡ const, i.e., the solution is invariant with respect to the subgroup {X1, X2}. For ω = 0,
the solution of system (1.1)–(1.4) is recovered from the solution τ(x, y) of the equation

κ(τxx + τyy) = cV q

by the formulas
u = 0, v = 0, ρ = τ−1, T = T0eqtτ, q ≡ const.

Reduction to a solution invariant with respect to some two-dimensional subgroup of the group {X1, X2, X5 +αX8}
can be performed only in two cases. In the first, trivial, case (τ ≡ const and q = 0), the solution is invariant with
respect to the subgroup {X1, X2}. In the second case with

τ =
cV q

4κ

(x2 + y2) + a10x+ a01y +
κ

cV q
(a2

10 + a2
01), q �= 0, a2

10 + a2
01 �= 0,

the solution is reducible to a solution invariant with respect to the subgroup {aX1 +X5 + αX8, bX1 +X5 + αX8},
where a = (2κ/(cV q))(a01 +αa10) and b = (2κ/(cV q))(αa01 − a10). In all other cases, the solution is nonreducible.
(It should be noted that, in the case a2

10+a2
01 �= 0, the solution is invariant with respect to the subgroup {X5+αX8}

but no reduction occurs, because the rank of the solution increases.)
Subgroup 5 (ω = 1). The solution is presented as

u = T 1/2
(
ϕ(t) sin

lnT
2α

+ ψ(t) cos
lnT
2α

)
≡ U(t, T ),

v = T 1/2
(
ϕ(t) cos

lnT
2α

− ψ(t) sin
lnT
2α

)
≡ V (t, T ),

ρ = ρ(t), T = T (t, x, y).

We have
∂U

∂T
=
αU + V

2αT
,

∂V

∂T
=
αV − U

2αT
.

The condition of velocity-field linearity takes the form

ATTxx +BT 2
x = 0, ATTxy +BTxTy = 0, ATTyy +BT 2

y = 0,

CTTxx +DT 2
x = 0, CTTxy +DTxTy = 0, CTTyy +DT 2

y = 0,

A = 2α(αU + V ), B = −(α2 + 1)U,
(3.10)

C = 2α(αV − U), D = −(α2 + 1)V.
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The compatibility conditions of system (3.10) are

(U2 + V 2)Tx = 0, (U2 + V 2)Ty = 0.

In this case, all solutions of system (1.1)–(1.4) are invariant with respect to the subgroup {X1, X2}.
Subgroup 6 (ω �= 1). The solution is presented as

u =
1
t
ρ1/(2ω−2)

(
ϕ(t) sin

ln ρ
2α(ω − 1)

+ ψ(t) cos
ln ρ

2α(ω − 1)

)
+
x

t
≡ U(t, x, ρ),

v =
1
t
ρ1/(2ω−2)

(
ϕ(t) cos

ln ρ
2α(ω − 1)

− ψ(t) sin
ln ρ

2α(ω − 1)

)
+
y

t
≡ V (t, y, ρ),

T = T1(t)ρ1/(ω−1), ρ = ρ(t, x, y).

We have
∂U

∂ρ
=
t(αU + V ) − (αx + y)

2α(ω − 1)tρ
,

∂V

∂ρ
=
t(αV − U) − (αy − x)

2α(ω − 1)tρ
.

The condition of velocity-field linearity reduces to the system

Aρρxx +Bρ2
x = 0, Aρρxy +Bρxρy = 0, Aρρyy +Bρ2

y = 0,

Cρρxx +Dρ2
x = 0, Cρρxy +Dρxρy = 0, Cρρyy +Dρ2

y = 0,

A = (αU + V )t− (αx + y), C = (αV − U)t− (αy − x), (3.11)

B =
(α2 − 2α(ω − 1) − 1)(Ut− x) + 2(α− ω + 1)(V t− y)

2(ω − 1)
,

D =
(α2 − 2α(ω − 1) − 1)(V t− y) − 2(α− ω + 1)(Ut− x)

2(ω − 1)
.

The compatibility conditions of system (3.11) are

((Ut− x)2 + (V t− y)2)ρx = 0, ((Ut− x)2 + (V t− y)2)ρy = 0.

For ρx = ρy = 0, we have

u = u1(t) + x/t, v = v1(t) + y/t, ρ = ρ(t), T = T (t),

i.e., the solution is invariant with respect to the subgroup {X3, X4}.
We consider the case u = x/t, v = y/t, ρ = ρ(t, x, y), and ρ2

x + ρ2
y �= 0. Equations (1.1)–(1.3) acquire the

form

ω(2(l0 +m0)Tω−1
1 −Rt) = 0, tρt + xρx + yρy + 2ρ = 0.

For ω = 0, the solution of system (1.1)–(1.4) is recovered from the solution Ψ(ξ, η), T1(t) of the system

Ψξξ + Ψηη = A,
cV (t2T1)′ − 4(l0 +m0)

t2T1
= Ak0 − 2R

t
, A ≡ const

by the formulas

u = ξ, v = η, ρ =
1
t2Ψ

, T = t2T1Ψ, ξ =
x

t
, η =

y

t
.

Reduction to a solution invariant with respect to some two-dimensional subgroup of the group {X3, X4, X5 +αX8}
can be performed in two cases only. In the first, trivial, case (Ψ ≡ const and A = 0), the solution is invariant with
respect to the subgroup {X3, X4}. In the second case with

Ψ = A(ξ2 + η2)/4 + a10ξ + a01η + 2(a2
10 + a2

01)/A, A �= 0, a2
10 + a2

01 �= 0,

the solution is reduced to a solution invariant with respect to the subgroup {aX3 +X5 + αX8, bX4 +X5 + αX8},
where a = 2(a01 + αa10)/A and b = 2(αa01 − a10)/A. No reduction occurs in all other cases.
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For ω �= 0, there exist no solutions that satisfy condition (1.5).
Subgroup 6 (ω = 1). The solution is presented as

u =
1
t
T 1/2

(
ϕ(t) sin

lnT
2α

+ ψ(t) cos
lnT
2α

)
+
x

t
≡ U(t, x, T ),

v =
1
t
T 1/2

(
ϕ(t) cos

lnT
2α

− ψ(t) sin
lnT
2α

)
+
y

t
≡ V (t, y, T ),

ρ = ρ(t), T = T (t, x, y).

We have

∂U

∂T
=
α(Ut− x) + (V t− y)

2αtT
,

∂V

∂T
=
α(V t− y) − (Ut− x)

2αtT
.

The condition of velocity-field linearity reduces to the system

ATTxx +BT 2
x = 0, ATTxy +BTxTy = 0, ATTyy +BT 2

y = 0,

CTTxx +DT 2
x = 0, CTTxy +DTxTy = 0, CTTyy +DT 2

y = 0,

A = 2(α(Ut− x) + (V t− y)), B = −(α+ 1/α)(Ut− x),
(3.12)

C = 2(α(V t− y) − (Ut− x)), D = −(α+ 1/α)(V t− y).

The compatibility conditions of system (3.12) are

((Ut− x)2 + (V t− y)2)Tx = 0, ((Ut− x)2 + (V t− y)2)Ty = 0.

In this case, the only solution of system (1.1)–(1.4) that satisfies condition (1.5) has the form

u = u1(t) + x/t, v = v1(t) + y/t, ρ = ρ(t), T = T (t),

i.e., the solution is invariant with respect to the subgroup {X3, X4}.
Subgroup 7. The solution is presented as

u = u(t, x, y), v = uv1(y), ρ = u2ω−1ρ1(y), T = u2T1(y).

An analysis of velocity-field linearity yields one of the three presentations of the velocity-vector components:

1) u = u1(t)x + u2(t)y + u3(t), v = v0(u1(t)x + u2(t)y + u3(t));

2) u = (y + u0)u1(t), v = (v0 + v01(y + u0))u1;

3) u = u(t), v = (v0y + v01)u.

In case 1, all solutions either are a subset of solutions in case 2 or do not satisfy condition (1.5). In case 2,
all solutions are reducible to solutions invariant with respect to the subgroup {X1, αX6 + β(X7 −X8)}. In case 3,
the solution is reducible to a solution invariant with respect to the subgroup {X1, X6}.

Subgroup 8. The solution is presented as

ux+ vy

vx− uy
= Q(ξ), ρ =

(u2 + v2)ω−1/2√
x2 + y2

ρ1(ξ), T =
(ux+ vy)2

x2 + y2
T1(ξ),

ξ =
√
x2 + y2 exp (α arctan (y/x)).

As the function Q(ξ) is independent of t, we can readily obtain the presentation for the velocity components
in the case of a linear velocity field:

u = (u01x+ u02y + u03)w(t), v = (v01x+ v02y + v03)w(t).
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A further analysis shows that Eq. (1.4) takes the form

dw

dt
+ F (x, y, ξ)w2 = 0,

where F is a known function. Integration of the last equation yields the presentation for the function w

w(t) = 1/(w0t+ w01).

The solution obtained is reducible to a solution invariant with respect to the subgroup {X5 +αX8, w01X6 +w0(X7

−X8)}.
Conclusions. Thus, we proved a sufficient condition of reducibility of partially invariant solutions of rank

1 and defect 1 of equations of plane motion of a viscous heat-conducting perfect gas. It is also shown that the
solutions of system (1.1)–(1.4) with uniform deformation contain only two partially invariant solutions of rank 1
and defect 1 that are not reducible to invariant solutions. The first solution is of no special interest because it
describes the distribution of thermodynamic parameters in a quiescent gas. The second solution is recovered from
the solution of the Poisson equation. The initial-boundary problems for system (1.1)–(1.4) are easily reduced to a
boundary-value problem for the Poisson equation. Setting the velocity at the boundary has to be correlated with
the solution. Setting the temperature at the domain boundary corresponds to the Dirichlet problem, and setting
the flux of temperature corresponds to the Neumann problem; mixed problems are also possible. Elliptic equations
in the domain with a curvilinear boundary can be solved numerically with extremely high accuracy [12]. Therefore,
the new solution of system (1.1)–(1.4) is obtained numerically with arbitrary required accuracy and can be used
as a test for formulas, algorithms, and their program implementation in development of numerical methods and
computational codes.

It should be noted that the new solutions are principally different from the known solutions with a linear
dependence of the velocity vector on some of the spatial coordinates, which were obtained in [11] for equations
of dynamics of a viscous incompressible heat-conducting fluid and isentropic flows of a compressible gas with a
polytropic equation of state. Previously, all thermodynamic parameters (temperature, pressure, entropy, etc.) in
all solutions depended linearly or quadratically on some of the spatial coordinates. These restrictions were not
imposed in the present work. As a result, we managed to obtain solutions where the dependence of temperature on
the spatial coordinates is more complicated than a polynomial curve (described by solving the Poisson equations).
Solutions with a linear dependence of temperature on the spatial coordinates are obtained as a particular case of
new solutions being constructed; it is also proved that all of them (as well as solutions with a quadratic dependence
of temperature on the spatial coordinates) are reducible to invariant solutions.

This work was supported by the Russian Foundation for Basic Research (Grant No. 06-01-00080) and by
the Program for supporting the leading scientific schools in Russia (Grant No. NSh-8732.2006.1).

REFERENCES

1. V. V. Bublik, “Group classification of the two-dimensional equations of motion of a viscous heat-conducting
perfect gas,” J. Appl. Mech. Tech. Phys., 37, No. 2, 170–176 (1996).

2. V. V. Bublik, “Invariant solutions of rank 1 of the equations of plane motion of a viscous heat-conducting
perfect gas,” J. Appl. Mech. Tech. Phys., 38, No. 3, 351–356 (1997).

3. V. V. Bublik, “Simple solutions of equations of two-dimensional motion of a viscous heat-conducting perfect
gas,” in: Dynamics of Continuous Media (collected scientific papers) [in Russian], No. 116, Inst. Hydrodynamics,
Sib. Div., Russian Acad. of Sci. (2000), pp. 123–127.

4. L. V. Ovsyannikov, “Regular and irregular, partially invariant solutions,” Dokl. Ross. Akad. Nauk, 343, No. 2,
156–159 (1995).

5. V. O. Bytev, “On problem of reduction,” in: Dynamics of Continuous Media (collected scientific papers) [in
Russian], Inst. Hydrodynamics, Sib. Div., Acad. of Sci. of the USSR, No. 5 (1970), pp. 146–148.

6. L. V. Ovsiannikov, Group Analysis of Differential Equations, Academic Press, New York (1982).
7. V. V. Bublik, “Exact solutions of the axisymmetric equations of motion of a viscous heat-conducting perfect

gas described by systems of ordinary differential equations,” J. Appl. Mech. Tech. Phys., 40, No. 5, 820–823
(1999).

798



8. S. P. Finikov, Method of Cartan Exterior Forms in Differential Geometry [in Russian], Gostekhteorizdat,
Moscow–Leningrad (1948).

9. J. F. Pommaret, Systems of Partial Differential Equations and Lie Pseudogroups, Gordon and Breach, New
York (1978).

10. O. I. Bogoyavlenskii, Methods of the Qualitative Theory of Dynamic Systems in Astrophysics and Gas Dynamics
[in Russian], Nauka, Moscow (1980).

11. A. F. Sidorov, “One class of solutions of equations of gas dynamics and natural convection,” in: Numerical
and Analytical Methods of Solving Problems of Mechanics of Continuous Media (collected scientific papers) [in
Russian], Ural Scientific Center, Acad. of Sci. of the USSR, Sverdlovsk (1981), pp. 101–117.

12. A. V. Shapeev and V. P. Shapeev, “Highly accurate difference schemes for solving elliptic equations in a domain
with a curvilinear boundary,” Zh. Vychisl. Mat. Mat. Fiz., 40, No. 2, 223–232 (2000).

799



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


